TWO IDENTITIES INVOLVING THE CUBIC PARTITION 

FUNCTION 
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Abstract. We give a new proof of Chan's identity involving the cubic parti- 
tion function and we also give a new identity for the cubic partition function 
which is analogues to the Zuckerman's identity for the ordinary partition func- 
tion. 



1. INTRODUCTION 

Let p(n) be the number of partitions of n, defined by ^2 n > p{n)q n ■= YinLifi ~~ 
q 71 )^ 1 . In connection with his discovery of certain divisibility properties of p(n) 
Ramanujan stated the identities: 

(1.1) y>(5n + 4)g" =5 W ' ' x 

and 



^0 1 ^;q)lc 



C„7.„7\3 (n 7 -n 7 V 

( , 2) g^, + 5W .. T h4^ + «^4^ 

Here and in the rest of the paper we follow the customary g-product notation: we 
set (for \q\ < 1) 

OO 

(a;q)oo = H(l -aq n ). 

Both Hardy and MacMahon considered ll.il as Ramanujan's "Most Beautiful Iden- 
tity". Darling |7| proved the first and Mordell [5], Watson [TT| and Rademacher- 
Zuckerman [TU] gave proofs for both identities. Recently, H.H. Chan and R.P. Lewis 
[4] also gave different proofs of both identities. All these proofs used the theory 
of modular functions. In another paper, Zuckerman |12j obtained the following 
identity (Zuckerman's identity): 

00 ( n 5. n 5\6 f„5.„5\12 /„ 5.„5U8 

]Tp(25n + 24)g» = 63-5 2 ^ \ q j°° + 52 • 5 V? \ 9 J 3 °° + 63 ■ 5 V { j \ g J 9 °° 

( 5. 5\24 / 5.„5\30 

(1.3) + 6-5 10 g 3 ^ ' g Jr +5 12 g 4 ^ '\ {? ■ 

In two recent papers, H.-C. Chan [2l [3] proved a generalization of 11.11 and 11.21 
for a certain kind of partition function a(n) which is defined by 

00 1 

(L4) g aM ' ,s («U,-;fl, 
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Kim [8] noted that a(n) can be interpreted the number of 2-color partitions of n 
with colors r and g subject to the restriction that the color b appears only in even 
parts, so he called a(n) to be the cubic partition function owing to the fact that 
a(n) is related to Ramanujan's cubic continued fraction. Using some identities for 
the cubic continued fraction, H.C.-Chan derived the following identity : 



Theorem 1.1 (0 Theorem 1) 



(L5) h a{3n + 2)q ■ 

In this note, we only use 3-dissections of functions an d -g^y to give a 

new elementary proof of 11.51 and we also give the following identity for the cubic 
partition function a(n) which is similar to Zuckerman's identity 11.31 for the cubic 
partition function a(n). 

Theorem 1.2. 

00 ( n 3. n 3\30 („3. „3\21{„6. „6\3 

e + % n = 2 • ^ j^S^hsTT^ + 8 • ^- ' ' v ' " x 



n=0 



fe9)L 9 (9 2 ;9 2 )L(9 6 ;9 6 )go * (<7;<?)L 6 (<7 2 ;<z 2 )L° 
1Q ,4 2 (g 3 ;g 3 )^(g 6 ;g 6 )^ „ 3 3 (g 3 ;g 3 )L(g 6 ;g 6 ) 2 i 
9 (<z;<z)i*(g 2 ;<z 2 )£ ' q (9;<z» 2 ;<? 2 )L 6 



(1.6) + 128 -3V 1 ' ■ ' v 



(^LteWO? 3 ;? 3 )^ 

Hence a(9n + 8) = (mod 27), which coincides with the result of Chan, he derived 
this result with different method. 

2. PRELIMINARIES 
We require a few definitions and lemmas. Let 

00 i \2 00 ( 2 2\ 

*(-«) = £ (-ir<z« 2 = -if4f^ *(«) - E 3 (n2+n)/2 = ^ 



2\ 

oo 



and 



p(g) _ (g 2 ;g 6 )oo(g 4 ;g 6 )oo(g 3 ;g 3 )L = («;?)«, fa 6 ; g 6 )^ 



(959)00 (<7 2 ;<z 2 )oo(<7 3 ;<? 3 )oo' 

We will use the following necessaries in proving our main results. The following 
lemma are the 3-dissections of functions ^t~] an d ir^y- 

Lemma 2.1 ([5], last line in the proof Theorem 1). 

A$(-q 9 ) 2 + 2q$(-q»)X(-q 3 ) + 4q 2 X(-q 3 ) 2 ). 



1 *(-g 9 ) 



$(-?) $(-g 3 ) 
Lemma 2.2 ([6], Lemma 2.2). 



' - Vl ' (99) [ (F(<z 3 ) 2 -gF( ( z 3 )vI'( (7 9 ) + ( z 2 *( (7 9 ) 2 ) 



Lemma 2.3. 

*(-<?)*(?) - (<z;g)oo(9 2 ;g 2 )oo, X(-<z)i>(?) = (g 3 ;<z 3 )oo(g 6 ;<? 6 )c 
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Proof. We have 

(2.D *(-*)*(*) = /|4f - • = ^ = (^M.WW 

(<7 ;<z )oo (g;g^)oo (q;q z )oc 

and 

(?; g)oo(<z 6 ; <z 6 ) 2 oo (g 2 ; <z 6 )oo(g 4 ; <z 6 )oo(<z 3 ; s 3 ) 2 . 



*(-g)P(g) 



(<? 2 ; , ? 2 )oo(g 3 ;5' 3 )oo (g;?)oo 
(g 2 ;g 6 )oo(g 4 ;g 6 )oo(g 3 ;g 3 )oo(g 6 ;g 6 ) 2 oo 

(<7 2 ;g 6 )oo(? 4 ;g 6 )oo(<? 6 ;g 6 )oo 

(2.2) = (qWMg 6 ;? 6 )^ 

3. AN NEW PROOF OF IDENTITY O 
We begin with the proof of identity 11.51 
Proof. We note that 

i _(q 2 ;q 2 )oo {q;q 2 U i 



□ 



{q\q)oo{q 2 \q 2 )oo (q;q)lo (q 2 ;q 2 )oo 
by using lemma 12.21 So we have 



00 1 

a(n)q n — — ; ; — — 

K ' *(-</)*(<?) 



^1($(-<Z 9 ) 2 + 2 q ^(- q 9 )X(- q 3 ) + 4q 2 X(- q 3 ) 2 ) 



$(-q 3 , 

X -(P( q 3 ) 2 - q P( q 3 )*( q 9 )+ q 2 y(q 9 ) 2 ) 



* (g3)4 9 

$ (-<7 9 )*(<Z 9 ) .($(_ ? 9)2p( 9 3 )2 + 2 < Z 3 $(-< Z 9 )*(<Z 9 ) 2 *(-<Z 3 ) 



$(-<j 3 ) 4 *(<j 3 ) 4 

- 4g 3 * (^^(-g 3 ) 2 ^ 3 ) + 2q$(-g 9 )X(-g 3 ) J P(< ? 3 ) 2 - g$(- (? 9 ) 2 1'(g 9 )P(g 3 
+ 4g 4 *(g 9 ) 2 X(- g 3 ) 2 + <Z 2 *(-<Z 9 ) 2 *(<Z 9 ) 2 + 4q 2 X(-q 3 ) 2 P( q 3 ) 2 

- 2 q 2 <S>{- q 9 )V( q 9 )X(- q 3 )P( q 3 )). 

Therefore, 

oo 

a(3n + 2)q 3 ™+ 2 

n=0 

_ ^(-q 9 )*^ 9 ) (g 2 $( _ 9 9 ) 2^ (9 9 ) 2 +4g 2 x( _ ? 3 )2p(? 3 ) 2 



$(-g 3 ) 4 *(<? 3 ) 4 
- 2g 2 $(- (Z 9 )vl/( (Z 9 )X(- (Z 3 )F( (Z 3 )). 

Dividing by g 2 on both sides and replacing q 3 by g, we obtain 



5^ a(3n + 2)<f 

($(-g 3 ) 2 *(g 3 ) 2 + AX{~ q fP( q y - 2<S>(-q 3 )*( q 3 )X(-q)P( q )) 



71=0 



$(- q 3 )y( q , „ 3 x2 lTf /„ 3 A 2 



$(-g) 4 *(g)i 
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(g 3 ;g 3 )go(g 6 ;g 6 )gc 

2 (q 3 ;g 3 ) 2 oo(g 6 ;g 6 )' 

(g;g)^(g 2 ;g 2 )^o 
O (g 3 ;g 3 ) 3 oo(g 6 ;g 6 ) 3 
(g;g)i(g 2 ;g 2 )i 



, (g 3 ;g 3 )oo(g 6 ;g 6 ) 
(g;g) 4 oo(g 2 ;g 2 )i 

(q 3 ;q 3 U(q 6 ;q 6 )oc 



(g 3 ;g 3 )L(g 6 ;g 6 ) 2 



by using Lemma 12.31 



□ 



4. PROOF OF THE IDENTITY O 
We will use the following lemma in proving the identity 11.61 



Lemma 4.1. Let 



L := <J>(-g 9 ) 2 + 2q$(-q 9 )X(-q 3 ) + 4q 2 X(~q 3 ) 2 



and 



M := P(q 3 ) 2 - qV(q 9 )P(q 3 ) + q 2 V(q 9 ) 2 . 



Then all terms having the exponents of the form o/3n + 2(n > 0) in powers of q in 



A = 40q 2 P(q 3 fX(-q 3 ) 2 <S>(-q 9 ) 6 - 32q 2 P{q 3 ) 7 X {-q 3 )<5>{-q 9 ) 7 ^{q 9 ) 

+ l0q 2 P(q 3 ) 6 <f>(-q 9 ) 8 y(q 9 ) 2 , 

B = 512q 5 P(q 3 ) 8 X(-q 3 ) 5 <S>(-q 9 ) 3 - 1216q 5 P(q 3 ) 7 X (~q 3 ) 4 <Z>(-q 9 ) 4 *(q 9 ) 

+ 1280 g 5 P(g 3 ) 6 X(-q 3 ) 3 $(-g 9 ) 5 *(g 9 ) 2 

- 6A0q 5 P(q 3 ) 5 X(-q 3 ) 2 ^{-q 9 ) 6 ^{q 9 ) 3 

+ 152q 5 P(q 3 ) 4 X{-q 3 ) 3 <S>(-q 9 ) 7 V(q 9 ) 4 - 16q 5 P(g 3 ) 3 $(-g 9 ) 8 *( g 9 ) 5 , 

C = 256q 8 P(q 3 ) 8 X(-q 3 ) s - 2048q 8 P(q 3 ) 7 X{-q 3 ) 7 $>(-q 9 )y(q 9 ) 

+ 6400q 8 P(q 3 ) 6 X(-q 3 f<l>{-q 9 ) 2 y(q 9 ) 2 

- 8192q 8 P(q 3 ) 5 X(~q 3 ) 5 ^(-q 9 ) 3 ^(q 9 ) 3 
+ 5776q 8 P(q 3 ) 4 X(-q 3 ) 4 <t>(-q 9 ) 4 y(q 9 ) 4 

- 2048c? 8 P(c ? 3 ) 3 X(-< Z 3 ) 3 $(-g 9 ) 5 *(g 9 ) 5 

+ 400(? 8 P(g 3 ) 2 X(-g 3 ) 2 $(-g 9 ) 6 *(g 9 ) 6 - 32q 8 P(q 3 )X(~q 3 )^{~q 9 ) 7 ^(q 9 ) 7 

+ q 8 H-q 9 ) 8 nq 9 ) 8 , 

D = -4096g 11 P(g 3 ) 5 X(-q 3 ) 8 *(g 9 ) 3 + 9728g 11 P(g 3 ) 4 X(-< Z 3 ) 7 $( V)*(g 9 ) 4 

- 10240g 11 P(g 3 ) 3 X(-g 3 ) 6 $(-q 9 ) 2 *( g 9 ) 5 
+ 5120q n P(q 3 ) 2 X(-q 3 ) 5 $(-q g f*(q 9 ) 6 

- 1216< 7 u P(g 3 )X(-? 3 ) 4 $(-g 9 ) 4 *(? 9 ) 7 + 128g n X(-g 3 ) 3 $(-q 9 ) 5 ^(g 9 ) 8 



E = 2560q 14 P(q 3 ) 2 X(-q 3 ) 8 ^(q 9 ) 6 - 2048g 14 P(g 3 )X(-<? 3 ) 7 $(- g 9 )*(g 9 ) 
+ 6A0q 14 X(~q 3 )H(~q 9 ) 2 ^(q 9 ) 8 . 



Proof. We directly expand the expression of L 4 M 4 and then extract the terms 
having exponents 3n + 2 in powers of q, then we can obtain the results above. □ 

Lemma 4.2. 



L 4 M 4 are 



, Where 



and 



B 



(g 6 ;g 6 ) 6 oo(g 9 ;g 9 ) 2 
(g 3 ;g 3 )L(g 18 ;g 18 ) 
(g 6 ;g 6 )L(g 9 ;g 9 )^ 
(g 3 ;g 3 ) 3 (g 18 ;g 18 ) 
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C = i9.3W;g 9 )L(9 18 ;g 18 ) 8 oo, 
jj = _ fi4 o 2fT ii (g 3 ;9 3 ) 3 oc(g 18 ;g 18 )L 7 
q (9 6 ;<z 6 ) 3 oo(? 9 ;? 9 )oo ' 

(4- 1 ) E = 128 -3V 4 , f lz 4 , Jr 

Proof. By using the definitions of -P(q), X (—<?), the Lemma [2.11 Lemma [2.31 and 
the formulas 

(<z 6 ; g 6 )oo - (g 6 ; <7 18 )oo(g 12 ; <? 18 )oo(g 18 ; g 18 )oo, (<z 9 ; <? 9 )oo = (g 9 ; <z 18 )oo(q 18 ; <z 18 ), 
we have 



.4 = 40(j 



2 (g 6 ; g 18 ) 8 oo(Q 12 ; q 18 )Ui 9 ; q 9 )£(q 3 ;q 3 )Uq 18 ; q 18 )Uq 9 ; q 9 ) 12 



oc 



32(j 2feV 8 )L(9 12 ;9 18 )L(9 9 ; 9 9 )L 4 (? 3 ; <z 3 )oo(<z 18 ; g 18 ) 2 ^ 9 ; 9 9 )LV 8 ; g 18 )- 



(g 3 ;g 3 )L(9 6 ;<7 6 )oo(<7 9 ;g 9 )oo(g 18 ;g 18 )L(9 9 ;'Z 18 ) 

„r« 6 :« 18 ^ 6 

+ 10g 



, (<z 6 ; g 18 ) 6 oo(9 12 ; 9 18 ) 6 oo(9 9 ; 9 9 & 9 ; <? 9 )LV 8 ; 9 18 ) 2 . 



te 3 ;? 3 )^^ 18 ;? 18 )^^ 9 ;? 18 ) 2 

18q 



2 (<z 6 ;g 6 )L(<rV)^ 



B = 512g 



( 9 3; 93)6,(018; ^lO" 

5 (g 6 ; g 18 )L(g 12 ; g 18 ) 8 ^ 9 ; <z 9 )L 6 (g 3 ; g 3 ) 5 oo(g 18 ; g 18 Qg 9 ; g 9 )L 



1216^ 1^!)-(9 12 ^ 18 )L(9 9 ; 9 9 )L 4 (? 3 ; <z 3 ) 4 oo(9 18 ; 9 18 ) 8 oo(<z 9 ; eXCe 18 ; q 18 



1 'OC 



(? 3 ; <z 3 )L(<z 6 ; <z 6 )i(<z 9 ; 9 9 ) 4 oo(<z 18 ; e 18 )i(? 9 ; <z 18 )co 
(g 6 ; g 18 ) 6 ^^ 12 ; 9 18 )L(? 9 ; 9 9 )^(? 3 ; 9 3 )L(? 18 ; 9 18 )L(<? 9 ; « 9 )^(g 18 ; g 18 )L 



g (g 3 ; 9 3 )^ 6 ; q 6 )Uq 9 ; q 9 )Uq 18 ;q 18 )L(q 9 ;q 18 )L 

fi4n 5 (g 6 ; g 18 )L(g 12 ; g 18 ) 5 oo(g 9 ; g 9 )LV; g 3 ) 2 oo(g 18 ; g 18 ) 4 ^ 9 ; g 9 )^(g 18 ; g 18 ) 3 oo 

q (q 3 ; q 3 )Uq 6 : q")Uq 9 ; q 9 )Uq 18 ; q 18 )Uq 9 ;q 18 )L 

152, 5 iq6; « 18 ) 4 °o(9 12 ; 9 18 ) 4 oo(g 9 ; g 9 ) 8 oo(? 3 ; <z 3 )oo(<z 18 ; g 18 ) 2 ^ 9 ; g 9 )LV 8 ; <z 18 ) 4 oo 



16(?' 



(<z 3 ; <? 3 )i(<z 6 ; g 6 )oo(g 9 ; g 9 Mg 18 ; g 18 )L(<? 9 ; q 18 )^ 
(g 6 ; g 18 )gp(g 12 ; q 18 )Uq 9 ; g 9 )^ 9 ; g 9 )^(g 18 ; g 18 )L 
(9 3 ;g 3 ) 3 oo(9 18 ;9 18 ) 6 oo(9 9 ;9 18 ) 5 oo 



8 , 2 5 (g 6 ;<z 6 ) 3 oo(<z 9 ;g 9 )L 7 
9 (9 3 ;g 3 )L(g 18 ;9 18 )oo 



256g 



8 (<z e ; 9 18 ) 8 oo(9 12 ; q 18 )Uq 9 ; «(? 3 ; 9 3 ) 8 oo(g 18 ; « 



2048g' 
6400g 8 
8192g 8 
5776g 8 
2048g 8 



;q r 



(q 6 ; q 18 )l(q 12 ;q 18 )l(q 9 ; <? 9 )LV; <? 3 )L(? 18 ; 9 18 0<? 9 ; q 9 )Uq 18 ; <Z 18 )c 



(q 3 ; q 3 )l(q 6 l <Z 6 )L(<Z 9 ; <Z 9 )L(<Z 18 ; <Z 18 )oo(g 9 ; 9 18 )- 

g 9 )^ 3 ; <7 3 )L(s 18 ; ? 18 )^(<z 9 ; g 9 )So(« 18 ; g 18 )L 



(^OLtf 2 ;? 18 ) 6 ^ 9 



(g 6 ;g 18 )L(9 12 ;9 18 )L(9 9 



<z 6 )L(«? 9 ;9 9 ) 6 o (9 18 ;9 18 ) 2 (g 9 ;9 18 ) 2 

; q 9 )™(q 3 ;q 3 )lo(q 18 ; «(<? 9 ; 9 9 ) 6 oo(9 18 ; 9 18 ) 3 oo 



(g 3 ;? 3 )L(<7 6 ;<z 6 )L(9 9 ;9 9 )L(9 18 ; 

; q 9 )L(q 3 ;q 3 )to(q 18 ; q 18 )lo(q 9 ; sXCs 18 ; e 18 ) 4 



(q e ;q 18 )Uq 12 ;q 18 )Uq 9 



;s J )L(9 9 ;? 18 )io 



7 18^3 

/ OO 

,18\8 /-„9. 



(? 3 ;9 3 )^ 6 ; 
(g 6 ;g 18 )L(9 12 ;g 18 )L(g 9 



9 6 ) 4 (9 9 ;9 9 ) 4 o (9 18 ;9 18 ) 4 o (9 9 ;g 18 ) 4 
i? 9 ) 6 ^ 3 ;*? 3 ) 3 ^ 18 



;9 18 )L(9 9 ;«(<z 18 ;<z 18 )L 



(q 3 ;q 3 )Uq 6 ;q 6 )Uq 9 ;q 9 )Uq 



is. 



« 18 )L(9 9 ;g 18 )L 
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, m * (g 6 ; g 18 )L(g 12 ; g 18 )L(g 9 ; g 9 ) 4 oo(g 3 ; g 3 ) 2 oo(g 18 ; g 18 ) 4 oo(g 9 ; g 9 )^(g 18 ; g 18 )L 

q (g 3 ; g 3 )L(g 6 ; g 6 ) 2 ^ 9 ; g 9 ) 2 ^ 18 ; g 18 ) 6 oo(g 9 ; g 18 ) 6 oo 

3 2 ,8 (9V 8 )»(« 12 ; « 18 )oo(<z 9 ; g 9 ) 2 ^ 3 ; ? 3 )oo(<? 18 ; g 18 )L(g 9 ; g 9 )L 4 (g 18 ; g 18 )L 



'7 



(g 3 ; g 3 )oo(g 6 ; g 6 )oo(g 9 ; g 9 )oo(g 18 ; g 18 )L(g 9 ; g 18 )£ 

/„9. „9U6/„18 

8 



(g 18 ;g 18 ) 8 oo(g 9 ;g 18 ) 8 oo 
19.3V(9 9 ;9 9 )L(9 18 ;9 18 )? 



D = -4096g 



n (<Z 6 ; q 18 )l(q 12 ; q 18 )L(q 9 ; «(g 3 ; q 3 )l(q 18 ; q 18 )£(q 18 ; q 18 )l 



(q 3 ;q 3 )L(q 6 ;q 6 )lo(q 9 ;q 9 )L(q 9 ;q 18 ) 3 

9728(7 



n (<7 6 ; g 18 ) 4 ^ 12 ; g 18 ) 4 ^ 9 ; g 9 )L(g 3 ; g 3 )L(g 18 ; g 18 )L 4 (g 9 ; g 9 ) 2 ^ 18 ; 



(g 3 ; g 3 ) 4 ^ 6 ; g 6 )L(g 9 ; g 9 )L(g 18 ; g 18 )oo(g 9 ; g 18 ) 4 , 

(„6.„18yj ^12. „ - 

10240g n 



5120(7 



(g 6 ; g 18 )gp(g 12 ; g 18 ) 3 oo(g 9 ; g 9 ) 6 oo(g 3 ; g 3 ) 6 oo(g 18 ; g 18 )^(g 9 ; g 9 ) 4 oo(g 18 ; g 18 ) 5 oc 
(g 3 ; q 3 )Uq 6 ; q 6 )L(q 9 ; q 9 )L(q 18 ; g 18 ) 2 oo(g 9 ; g 18 )L 
ii (g 6 ; q 18 )Uq 12 ;q 18 )Uq 9 ; q 9 )t(q 3 ; g 3 )L(g 18 ; g 18 Og 9 ; g 9 ) 6 oo(g 18 ; q 18 ) 6 oo 



1216g 



(g 3 ; q 3 )Uq 6 ; g 6 )L(g 9 ; g 9 ) 5 oo(g 18 ; g 18 ) 3 ^ 9 ; g 18 )L 
u (g 6 ; g 18 Ug 12 ; <z 18 )oo(g 9 ; g 9 )L(g 3 ; g 3 ) 4 oo(g 18 ; g 18 )L(g 9 ; 9 9 ) 8 oo(<z 18 ; g 18 )l 



(g 3 ; g 3 )oo(g 6 ; ? %( ? 9 ; <z%(g 18 ; g 18 ) 4 ^ 9 ; q 18 )l 

( n 3. n 3)3 ( n i 

+ 128(7' 



n (g 3 ;g 3 )gc(g 18 ;g 18 )gc(g 9 ;g 9 )^(g 18 ;g 18 )gc 
(g 6 ; g 6 ) 3 oo(g 9 ; g 9 ) 3 oo(g 18 ; <z 18 )L(g 9 ; <z 18 ) 8 oo 



(V 3\3 / 18 18^17 

-64 ■ 3 2 q ™W ig Joo 



(9 6 ;g 6 ) 3 oo(g 9 ;g 9 )oo 



E = 2560j 14 (g6; g 18 )g°(g 12 ' g 18 )^(g 9 i g 9 ) 4 co(g 3 ; g 3 ) 8 oo(g 18 ; g 18 )L 6 (g 18 ; g 18 )L 



- 2048(7 
+ 640<7 



14 



(g 3 ;? 3 ) 2 .^ 6 ;? 6 ) 8 .^ 9 ;? 9 ) 8 ,^ 9 ;? 18 ) 6 ^ 
(g 6 ; g 18 )oo(g 12 ; g 18 )oo(g 9 ; g 9 )L(g 3 ; g 3 )L(g 18 ; g 18 Og 9 ; g 9 )L(g 18 ; g 18 )L 



(g 3 ;g 3 )oo(g 6 ; g 6 ]L(g 9 ; g 9 g )L(g 18 ; g 18 )oo(g 9 ; g 18 )L 
in'i-'j ;g )oo(g;g)oo(g ;g )«> 



(g 3 ;g 3 ) 6 oo(g 18 ;g 18 )^(g 9 ;g 9 ) 4 00 (g 18 ;g 18 ) 8 
(g 6 ;g 6 ) 6 oo(g 9 ;g 9 ) 6 o (g 18 ;g 18 ) 2 (g 9 ;g 18 ) 8 

3\6 /„18. „18\26 



128 . 3 2 9 i4(g 3 ;g 3 ) 6 oc(g 18 ;g 18 ) 



(g 6 ;g 6 )^(g 9 ;g 9 )io° ' 

□ 

Now we prove the identity 11.61 
Proof. By Theorem 11.51 Lemma 14.11 and Lemma 14.21 we have 

oo 

a(9n + 8)q 3n+2 = all terms having the exponents of the form of "in + 2 

n=0 

,(g 3 ;g 3 ) 3 oo(g 6 ;g 6 ) 3 » 



(»>0) in powers of, in 3 ^^.,2)4 



all terms having the exponents of the form of 3n + 2 

,(g 3 ;g 3 ) 3 oo(g 6 ;g 6 ) 3 oo 



(n > 0) in powers of q in 3- 



$(-g) 4 *(g) 4 
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all terms having the exponents of the form of 3ro + 2 
(n > 0) in powers of q in 3(g 3 ; q 3 ) 3 ^ 6 ; q 6 ) 3 ^ 
$(-<? 9 ) 4 *(<7 9 ) 4 L , M , 



$(_g3)16^( g 3)16 



$(-g3)16$( g 3)16 

■{A + B + C + D + E) 

(a 9 - a 9 ) 4 (a 18 - a 18 ) 4 
3 / \ ™fi * J™ -(A + B + C + D + E) 

o (g 9 ;g 9 ) 4 oo(g 18 ;g 18 ) 4 oo ns 2 (q 6 ;q e ) 6 (q 9 ;i 9 ) 26 



(q 3 ;q 3 )^(q 6 ;q 6 )^ " * (q 3 ; <Z 3 ) 6 (? 18 ; <Z 18 ) 10 



(q 3 ;q 3 )Uq 18 ;q 18 ) 

64 • 3 z q 



2 ii (g 3 ;g 3 )go(g 18 ;<z 18 )£ 
(<? 6 ;<? 6 )tc(9 9 ;<? 9 )oo 
(<z 3 ;<z 3 )L(<z 18 ;<7 18 e 



+ 128 ' 3V4 (q^W,q 9 )^ ' 
If we divide q 2 on both sides and replace q 3 by we obtain 



(<7 3 ;? 3 )L , „ 3 J? 3 ;* 3 ) 2 ^ 6 ;? 6 ) 3 * 



,a(9n + 8)<f = 2 ■ 3 3 - ' , °° fi fiNfi + 8 ■ 3 3 g 



^ V '* (q;q) 19 (q 2 ;q 2 )l(q 6 ;q 6 ) 6 oo * (g;<z)^W)L° 



1Q , 4 2 (<z 3 ;g 3 )^(g 6 ;g 6 )^ , 3 3 (g 3 ;<z 3 ) 3 oo(<z 6 ;« 

iy • o g — ; • o q 



(q;q)£(q 2 ;q 2 )£ * (q;q)™(q 2 ;q 2 ) 



16 



(„6 6\30 
128 -3 3 q 4 1 U 



(g;g)L(«W)L 9 (<?W) 



which is the identity 11.61 □ 
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